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Blurring the Curry-Howard Line

Homme portant une blouse (unknown), by Gustave Caillebotte
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Proof 
Assistant Extraction Target

Coq Haskell, OCaml, 
Scheme

Agda Haskell

Isabelle / HOL SML, Haskell, 
OCaml, Scala
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Programs

SemanticsSyntax

Programs can be 
formalized 
syntactically 

Programs can be 
modeled

 semantically
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Denotational Semantics



{x | x ∈ ℕ ⋀ x ≤ 65,535} 

u8 {x | x ∈ ℕ ⋀ x ≤ 255}

u16
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Sunset at Ivry (1873), by Armand Guillaumin, 
Musée d'Orsay, Paris



term : Type



true : Bool



Γ ⊦ a : A, f : A → B

Γ ⊦ f a : B
[App]
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Dependent
Type

Theory
The Boulevard Montmartre at Night (1897), by Camille Pissarro,

The National Gallery, London



�횷(x : A)B(x)



Γ ⊦ a : A, f : �횷(x : A) → B(x)

Γ ⊦ f a : B[a/x]
[�횷-App]



“Dependent types realize a 
continuum of precision up to a 
complete specification of the 

program’s behaviour.”

- Altenkirch, McBride, & McKinna, Why Dependent Types Matter



Curry-Howard 
Correspondence

The Rehearsal of the Ballet Onstage (1878–1879), by Edgar Degas, 
The Metropolitan Museum of Art, New York City



ProofProgram



“Dependently typed programs are, 
by their nature, proof carrying code.”

- Altenkirch, McBride, & McKinna, Why Dependent Types Matter



Language Dependent 
Types

Agda ✓

Idris ✓
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The Old Garden (1912), by Edmund W. Greacen,
Florence Griswold Museum, Connecticut
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struct Zero;
struct Succ<N: Nat>(PhantomData<N>);

trait Nat {}

impl Nat for Zero {}
impl<N: Nat> Nat for Succ<N> {}

fn main() {
    let _zero: Zero;
    let _one: Succ<Zero>;
}

ℕ : Type
zero : ℕ
succ : ℕ → ℕ

one : ℕ
one = succ zero



struct Zero;
struct Succ<N: Nat>(PhantomData<N>);

trait Nat {}

impl Nat for Zero {}
impl<N: Nat> Nat for Succ<N> {}

struct Vector<N: Nat, A>
    (Vec<A>, PhantomData<N>);

fn main() {
    let v: Vector<Zero, u8> =
        Vector::<Zero, u8>::new();
    let _v_prime: Vector<Succ<Zero>, u8> =
        v.cons(1);
}

Vec (X : Type) : ℕ → Type
empty : Vec X zero
cons : �횷(n : ℕ) → X → Vec X n → Vec X (succ n)
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trait Trans<S> {}

struct Open;
struct Closed;

trait OpenAdj {}
trait ClosedAdj {}

impl ClosedAdj for Open {}
impl OpenAdj for Closed {}

impl<N> Trans<N> for Open
where N: OpenAdj {}

impl<N> Trans<N> for Closed
where N: ClosedAdj {}

State : Type
State = OpenS + ClosedS

�횷(s : State) Adj(s)

Closed : Adj(OpenS)
Open : Adj(ClosedS)

trans : �횷(s : State) s → Adj(s)
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Proof 
Assistant

Dependent 
Types

Coq ✓

Agda ✓

Isabelle / HOL
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